Abstract. The regularized partition function at finite temperature for a massless scalar field interacting with two delta-like external potentials in R 3 is evaluated in an explicit form making use of a rigorous approach based on the introduction of relative determinants associated with the presence of non compact manifold, as defined by Müller in [14] , and on results of Albeverio et al.
Recently, there has been a growing interest in the Casimir effect, namely the manifestation of vacuum energy at experimental level as well as at theoretical one (see, for example [13, 12] and references therein).
The aim of these notes is to study the Casimir energy related to a massless scalar field in a flat space-time perturbed by the presence of two pointlike (uncharged) "impurities" at a relative distance a in R 3 , modelled by delta-like potentials, and associated with the so called semi-transparent boundary conditions (see [6, 9, 10] and references therein). The case concerning one delta potential has been already treated (see for example [17, 16, 18, 7, 11] ). In spite of the increasing interest in the Casimir effect and several explicit results obtained, the model we are going to present deserves interest because it is solvable and due to the issues arising in the mathematics involved in the description of the model itself. In fact, from one side, we need a rigorous mathematical description of the Schröedinger-like operator with delta-like potentials, and from the other side, a technique to regularize the functional determinant of self-adjoint elliptic operators associated with continuous spectrum. These two main difficulties can be faced and overtaken using results of Albeverio et al. [1] , and Müller [14] , respectively, as we will show.
In order to start formulating the problem, we use the approach of Finite Temperature Quantum Field Theory, based on the imaginary time formalism (see for example [15] and [4, 5] ). We consider a massless scalar field in four dimensional Minkowski space-time interacting with an external field represented by a potential q. Thus, one is dealing with the manifold X(T ) = S 1 β/2π × M , where S 1 r is the circle of radius r, β = 1 T , period of imaginary compactified time is the inverse of the temperature, and M is a three dimensional manifold. The relevant operator reads H = −∆ X(T ) + q = −∂ 2 u − ∆ M + q, where ∆ Y is the Laplace operator on a manifold Y defined by some Riemannian structure, and q : M → R is a suitable potential.
The canonical partition function at temperature T of this model may be formally written as
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where ℓ 2 is a multiplicative renormalization constant. When M is compact and q smooth, making use of well-known zeta function regularization, we interpret the functional determinant as
and therefore
Here ζ(s; A) is the analytic continuation of the the trace of the complex power of the elliptic operator A. Moreover, we can write log Z in terms of some invariants of the geometric zeta function, i.e. the zeta function of the restriction of H on M , and introducing an other spectral function, the so called generalized Dedeckind eta function [15] , defined for a positive operator A with discrete spectrum by
In fact, assuming that −∆ M + q has empty kernel, by Proposition 3 of [15] (see also [4, 8] ),
while by Corollary 1 of [15] (2) ζ
When M is not compact and a continuous spectrum is present, it is necessary to use relative determinants and relative zeta functions, as introduced in [14] . We will now present a formal treatment of our problem following the approach introduced in [14] . We will not make a rigorous and throughfull analysis of the mathematics involved, nor a more general treatment, but we will limit to the particular case under study. However, a rigorous and complete mathematical theory can be given, and work is in progress in this direction, and the present analysis can be viewed as a particular instance of this general approach.
Thus, assuming that the pair of operators (H, H 0 ), where H 0 = −∆ X(T ) , satisfies the requirements necessary in order to introduce the relative zeta function ζ(s; H, H 0 ), it is natural to define the zeta regularized relative partition function for our model as
Our aim is now to generalize to this context the results in equations (1) and (2) . By definition
By standard properties of the trace and of the heat semi-group Tr e −Ht − e −H0t = Tre
and as a result, using the Fourier expansion of the theta function (Poisson-Jacobi identity),
A carefull analysis of the second term is somewhat difficult, however, proceeding formally along the line of the proofs of Proposition 3 and Corollary 1 of [15] , we are lead to introduce the following relative Dedekind eta function. For a suitable pair of operators (A, A 0 ), assume that the difference of the resolvents is of trace class; then we introduce the following function of the complex variable λ,
defined on the intersection of the resolvent sets, and the relative Dedekind eta function
With this function, equations (1) and (2) generalize to the relative case as follows:
As anticipated, we will not give here a proof of this general result, however, we will present a direct, complete and rigorous analysis of the specific case under study, that justifies the general statement. Also note that we have assumed in our analysis that H has a purely continuous spectrum. When H has also a finite positive point spectrum, {χ j }, the result extends nicely using the approach of Section 3 of [14] , decomposing the backround Hilbert space into the subspaces that correspond to the point spectrum and to the continuous spectrum, and restricting H to these subspaces (see in particular equation (3.8) of [14] ). More precisley, one should add to the above expression of the partition function the finite contribution
We proceed now to the detailed analysis of the model under study. First, the geometric operator, i.e. the restriction of H on M = R 3 , is the Schrödinger Hamiltonian with two point interactions of strength µ j , i.e the formal operator (we will write ∆ for ∆ R 3 )
where ∆ is the Laplace operator in R 3 , µ j are real constants and a a fixed point of R 3 . Operators of this type have been studied by different authors. In particular, in the case of a one point interaction, a rigorous definition has been also obtained by Green's function approach, and formulas for the heat kernel has been given [17] [16] [18] . However, a unified approach valid for finitely many points interaction, was presented by Albeverio et al. in [1] , using Fourier transform, a method first used in [2] . We will use this approach. Thus, we consider the operator −∆ α,a of Theorem 1.1.1 of [1] , as the operator A describing the geometry of our model. The operator −∆ α,a has a resolvent with the following integral kernel
with k 2 ∈ ρ(−∆ α,a ), Imk > 0, and where α j are "renormalized" real parameters (see [1] I.(1.1.19) and II.(1.1.25) respectively):
, and hence
Note that the case α j = ∞ corresponds to the negative free Laplace operator −∆ = −∆ ∞,a . By [1] Theorem I.1.1.4 the spectrum of −∆ α,a is purely absolutely continuous Sp(−∆ α,a ) = [0, ∞), plus at most two negative eigenvalues. The eigenvalues are present if detΓ α,a (k) = 0 for Imk > 0. An explicit analysis (see also the end of Section II.1.1 of [1] ) shows that the condition necessary in order to have a purely continuous spectrum is 4π 2 α 0 α 1 a 2 ≥ 1. We will proceed assuming this condition.
Next, in order to use zeta function regularization, we need a pair of operators such that the difference of their heat semigroups satisfies the three conditions at the beginning of Section 1 of [14] . The pair of operators (A, A 0 ) = (−∆ α,a , −∆) satisfies these conditions as it is a particular instance of a general class of pairs of operators considered in Section 4.1 of [14] (and references therein, for this particular type of potential) or in Section 1.6 of [3] . However, a direct analysis based on works of Spreafico [19] [20] is easier here. We will work with the resolvents instead of heat operators, and hence we use the equivalent condition that the difference of the resolvents is of trace class. Extending to the case of relative zeta functions the approach of [19] or [20] , we have that
where Λ is a contour of Hankel type, and
In fact, the difference of the resolvent has kernel
and its trace
can be computed explicitely using equation (7) in the appendix. We obtain,
It is convenient to make use of the variable k = − √ λ. We have
where γ is the line k = ic in the complex plane, for some real c > 0. Now, with
and writing u 2 = x 2 /a 2 , we conclude that
(4πα 0 a + ix) (4πα 1 a + ix) − e −2ix . It is worth observing here that the above integral representation for the trace of the difference of the heat operators allows to verify the three conditions given at the beginning of Section 1 of [14] , mentioned before.
Using this result in equation (3), we obtain
Proceeding as in the proof of Proposition 3 of [15] , we compute
h(x; a)dx.
Note that this result has been obtained by direct computation and is not an application of equations (4) and (5).
In order to proceed, we first note that the function h(x; a) is a smooth function of the two variables in the set [0, ∞) × [0, 1], as it is the quotient of powers and trigonometric functions.
To compute the values of the residue and of the finite part of the zeta function ζ(s; −∆ α,a , −∆) at s = − 1 2 , we use the expansions of h(x; a) for small and large x. For small x,
we can split the zeta function as
Making use of the above expansion of the function h(x; a) for small x,
is regular near s = − xh(x, a)dx.
Next, ζ ∞ (s; a) is not regular near s = − 1 2 . However, using the asymptotic expansion given above we can write
is regular near s = − 1 2 , it follows that z A (s; a) is regular at s = − 1 2 and its value is
The last term is z B (s; a), that is not regular at s = − 1 2 . However, we can deal with this term exactly:
Since near s = − xh(x, a)dx
The partition function of our model in the range 4π 2 α 0 α 1 a 2 > 1 is:
We conclude with some remarks. First, having at disposal the canonical partition function, one can compute all the thermodynamical quantities, for an example, the free energy is simply F = −T log Z, and also their zero temperature limit. With regard to this, note that for small T ,
This can be seen easily splitting the integral at t = 1 and using the expansion of the function h(x; a) for small x, and shows that the behavior for small temperature of this model (and in general of any model described using the relative zeta function formalism by means of equations (4) and (5)) is consistent with that of a model on a compact space time, described using the absolute zeta function formalism.
Second, as already observed, in presence of one or more negative eigenvalues, the analysis presented so far is no longer valid. In this case, it is well known that the associated free energy develops an imaginary part, signaling a thermodynamical instability and the presence of a "false vacuum". It is easy to see that in fact an imaginary part appears in the free energy, if we extend formally the above approach to the case of one negative eigenvalue. However, it is not clear how the zeta function approach could be extended in a rigorous way to cover this case, and we will not deal here with this problem.
Furthermore, the zeta-function regularization used in our approach implies the presence of the renormalization scale ℓ in the final expression for the canonical partition function. However, in our case, the dependence drops out as soon as one is interested in evaluation of Casimir force, defined as the derivative of free energy with respect to a.
Our last remark concerns the limit case α 0 → ∞. It is easy to see, starting from the formula in equation (6) , that the zeta function ζ(s; −∆ α,a , −∆) reduces smoothly to the zeta function ζ(s; −∆ α1 , −∆), where −∆ α is the Schrödinger Hamiltonian with one point delta interaction, as described in Chapter I of [1] . In this case, an explicit formula for the zeta function as a function of s can be easily obtained.
The aim of this appendix is to prove the following Lemma. Let a be a real vector and Re(b) > 0, then In fact, first, we choose the vector a in the z-axis, a = (0, 0, a), and hence |x − a| = x 2 + y 2 + (z − a) 2 = r 2 − 2ar cos θ + a 2 .
Thus, with u = cos θ, du = − sin θdθ, 
